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Abstract: The strengths of 12 rocks cited from literatures increase in a nonlinear way with increasing confining pressure 
against the Coulomb criterion. The criteria with power forms like the generalized Hoek-Brown criterion are not available for 
describing the strength properties in the whole test range for Indiana limestone, Yamaguchi marble and Vosges sandstone, of 
which the differential stresses are approximately constant at high confining pressures. The exponential criterion with three 
parameters fits the test data of those 12 rocks well with a low misfit. The three parameters are independent of the uniaxial 
compressive strength (UCS), the initial increasing rate of strength with confining pressure, and the limitation of differential stress. 
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1  Introduction 
 
The Coulomb criterion has been widely applied to 
rock engineering [1–4], and it is conservative for rock 
engineering after neglecting the effect of intermediate 
principal stress on rock failure [5]. The conventional 
triaxial compression tests of cylindrical specimens are 
carried out in laboratories all over the world, and vast 
data of various rocks have been presented. The 
compressive strength of rock increases in a nonlinear 
way with increasing confining pressure against the 
Coulomb criterion, although the criterion expresses a 
reasonable physical background: rock has frictions and 
cohesions. Therefore, numerous strength criteria have 
been proposed and studied. 
The conventional strength criterion is express as 
S 3( )f                                  (1) 
where S  is the maximum principal stress, and 3  
is the minor principal stress. For the test data of 
cylindrical rock specimens, 3  is the confining 
pressure. The parameter S  is the peak axial stress in 
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brittle failure and a strain at the stress-strain curve to 
produce a specified strain, usually 0.2%–0.5% of 
permanent strain in ductile failures [5, 6]. 
In the strength criteria, there are always material- 
dependent parameters, which are determined by fitting 
the criteria with the test data [7, 8]. You [8] evaluated 
the accuracy of 16 criteria totally, among which three 
criteria have one parameter, six criteria have two 
parameters and seven criteria have three parameters. 
Usually, the more parameters the criterion has, the 
lower the misfit for test data is. Therefore, one 
question arises here immediately: how many 
parameters at least are needed in one criterion to 
describe the strength of rocks? This paper 
demonstrates three independent parameters after 
analyzing the relationship between the strength and the 
confining pressure of limestones, marbles and 
sandstones, respectively. 
 
2  Test data of 12 rocks 
 
Test data of 12 rocks under the conventional triaxial 
compression from other previous studies are presented 
in Table 1 [5–16]. The original test data of Solnhofen 
limestone, Dunham dolomite and Yamaguchi marble 
are from Mogi [5]. The test data of Bunt sandstone and 
Jinping sandstone are from Gowd and Rummel [9] and  
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Table 1 Conventional triaxial compressive strengths of intact 
rocks.                                           MPa 
Indiana  
limestone  
(IL) [6] 
Solnhofen  
limestone  
(SL) [5] 
Tyndall 
limestone  
(TL) [14] 
Dunham 
dolomite 
(DD) [5] 
3 S 3 S 3 S 3 S 
0 45 0 293 0 52 0 262 
6.9 67 6 335 5 88 25 400 
13.8 85 15 360 10 106 45 487 
20.7 99 24 381 15 118 60 540 
27.6 109 46 426 20 137 65 568 
34.5 122 72 467 25 149 85 620 
41.4 130 111 518 30 164 105 682 
48.3 136 195 595 35 176 125 725 
55.2 144 304 709 40 190   
62.1 151       
69.0 159       
Carrara 
marble  
(CM) [16] 
Nanyang 
marble 
(NM) [13] 
Yamaguchi 
marble 
(YM) [5] 
Georgia 
marble 
(GM) [6] 
3 S 3 S 3 S 3 S 
0 137 0 84.1 0 81 0  30.6  
25 234 5 131.7 6 113 6.9  83.4  
50 314 10 168.3 12.5 130 13.8  99.5  
68.4 358 20 226.8 25 175 20.7  128  
85.5 404 30 266.2 40 210 27.6  146  
161.8 558 40 301.9 55 246 34.5  152  
    70 272 41.4  175  
    85 295 48.3  188 
    100 324 55.2  199 
    150 397 62.1  213 
    200 454 69.0  226 
Bunt 
sandstone 
(BS) [9] 
Pottsville 
sandstone 
(PS) [6] 
Vosges 
sandstone 
(VS) [11] 
Jinping 
sandstone 
 (JS) [10] 
3 S 3 S 3 S 3 S 
0 60 0.0 62 0.5 33.5 0 61.6 
5 100 6.9 145 10 83 5 109.5 
10 122 13.8 182 20 114 10 138.6 
20 154 20.7 233 30 134 20 174.6 
30 193 27.6 269 40 149 30 209.0 
40 221 34.5 295 50 167 40 240.5 
50 253 41.4 316 60 174 50 263.0 
60 275 48.3 353   60 288.5 
70 310 55.2 371   70 305.4 
80 323 62.1 400   1.2 90.0* 
90 346 69.0 454   3.4 107.4*
100 361     4.4 115.4*
Note: “” means that the strengths are in terms of unloading process of 
confining pressure while keeping axial stress constant. 
Wang [10], respectively. The experiment of Vosges 
sandstone was carried out by Bésuelle et al. [11], but 
the test data in Table 1 are from Fang and Harrison 
[12]. The test of Nanyang marble was carried out by 
You [13]. Test data of other rocks are digitized from 
figures in Schwartz et al. [6, 14–16]. Average 
magnitude of strengths of one rock under the same 
confining pressure, if existed, is used in fitting the 
strength criterion. 
Differential stresses of 12 rocks, labeled with their 
acronyms (Table 1), are shown in Fig.1. The test data 
perfectly illustrate the effect of confining pressure on 
the strengths of intact rocks except for a few ones as 
indicated with X and Y in Figs.1(b) and (c), respectively. 
Tyndall limestone has the same UCS with Indiana 
limestone, but a greater increasing rate of strength with 
confining pressure. While Solnhofen limestone has the 
highest UCS in four rocks of limestone and dolomite, 
but its strength at confining pressure over 25 MPa is 
lower than that of Dunham dolomite, as shown in 
Fig.1(a). The differential stresses of Solnhofen 
limestone and Indiana limestone become constant at a 
higher confining pressure. 
 
 
 
 
 
 
 
 
 
 
 
 
 
(a) Limestones and dolomites. 
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(c) Sandstones. 
Fig.1 Conventional triaxial compressive strengths of 12 rocks 
and fitting solutions using the exponential criterion. 
 
Nanyang marble has the highest increasing rate of 
strength with confining pressure, and Yamaguchi 
marble has the lowest one in four marbles as shown in 
Fig.1(b) although their UCSs are only the intermediate.  
The UCSs of Pottsville sandstone, Jinping sandstone 
and Bunt sandstone shown in Fig.1(c) are nearly the 
same, ranging from 60 MPa to 62 MPa, but their 
increasing trends of strength with confining pressures 
are totally different. 
 
3  Fitting solutions using exponential 
strength criterion 
 
You [17] proposed an exponential equation with 
three material-dependent parameters to describe the 
conventional triaxial compressive strength, which is 
the basis to construct a true triaxial strength criterion 
for rocks: 







0
30
03S
)1(exp)(
QQ
KQQQ       (2) 
where 0Q  is the UCS from the criterion, and Q  is 
the limitation of differential stress when the confining 
pressure increases to infinite, 0K  is the initial 
increasing rate of strength, and the derivative of 
strength to the confining pressure 3  at 3  = 0: 
03
S
0
3
d
d



K                             (3) 
The criterion has been further studied by You et al. 
[13, 18]. The fitting solutions using the exponential 
criterion on the least absolute derivative for 12 rocks, 
labeled with their acronyms, are presented in Table 2, 
and the curves are plotted in Fig.1. The parameter 0Q  
in the best fitting solution is exactly equal to the real 
magnitude of UCS for nine rocks. However, for 
Solnhofen limestone and Yamaguchi marble with 
UCSs of 293 and 81 MPa, respectively, the values of 
0Q  are 299.8 and 84.7 MPa, respectively. If the 
parameter 0Q  in the exponential criterion, Eq.(2), is 
set as the real UCS for Solnhofen limestone and 
Yamaguchi marble, the mean misfit of fitting solution 
only increases by 0.2 and 0.06 MPa, respectively. 
Therefore, the magnitudes of parameter 0Q  presented 
in Table 2 for these two rocks are also their real UCSs. 
 
Table 2 Fitting solutions using the exponential criterion. 
Rock Tests 
Maximum
3 (MPa) 
Q0  
(MPa) 
Q∞ 
(MPa) 
K0 
A = 
Q∞/Q0 
mf 
(MPa)
IL 11 69 45.0 90.2 3.84 2.004 0.7 
SL 9 304 293.0 403.2 4.99 1.376 3.7 
TL 9 40 52.0 170.5 5.71 3.279 2.7 
DD 8 125 262.0 701.7 6.15 2.678 2.5 
CM 6 162 137.0 474.3 4.05 3.462 1.9 
YM 11 200 81.0 259.7 4.08 3.206 3.1 
GM 10 69 30.6 161.7 6.26 5.284 3.1 
NM 6 40 84.1 304.7 10.0 3.623 1.1 
BS 12 100 60.0 298.0 5.43 4.967 3.9 
PS 10 62 62.0 369.8 10.8 5.965 5.2 
VS 7 60 30.1 115.3 6.91 3.831 0.9 
JS 8 70 83.4 270.3 5.48 3.241 1.4 
Note: A is the ratio of the maximum differential stress to UCS, mf is the 
mean misfit. 
 
The UCS of Jinping sandstone predicted by the 
exponential criterion is 83.4 MPa, which is 21.8 MPa 
higher than the real magnitude of 61.6 MPa, and 
provides a huge contribution of 66% to the total misfit 
of 32.8 MPa. Three fracture strengths during unloading 
process of a confining pressure less than 5 MPa are 
presented in Table 1. They are on the upper side of the 
fitting solution. It may be concluded that the real UCS 
may come from a flawed specimen and is neglected as 
an abnormal datum in the criterion fitting. Therefore, 
the mean misfit using the exponential criterion for the 
other data decreases from 3.6 to 1.4 MPa. 
The differential stresses of Solnhofen limestone are 
400 and 405 MPa under the confining pressures of 195 
and 304 MPa, respectively, which exactly match the 
fitting solutions but out of the scope of the abscissa in 
Fig.1(a). 
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There are always scatter within the test data of rocks 
and the misfits from the fitting solutions. As shown in 
Fig.1, the exponential criterion can describe the 
relationship between strength and confining pressure, 
in a global sense, with low misfits for brittle rocks and 
ductile rocks as well, and it also can reduce few 
abnormal data with a huge deviation [13]. 
The parameters employed in the exponential 
criterion for 12 rocks are plotted in Fig.2. There is no 
clear relationship between UCS and initial increasing  
  
 
 
 
 
 
 
 
 
 
 
 
(a) Initial increasing rate vs. UCS. 
 
 
 
 
 
 
 
 
 
 
 
 
(b) Differential stress limitation vs. initial increasing rate.  
 
 
 
 
 
 
 
 
 
 
 
(c) Differential stress limitation vs. UCS. 
Fig.2 Parameters employed in the exponential criterion for 12 
rocks. 
rate 0K  of strength, even for the same kind of rocks. 
The Q  is also independent of the initial increasing 
rate 0K . 
As shown in Fig.2(c), the limitation of differential 
stress Q  increases overall with 0Q , and there is no 
clear relationship between Q  and 0Q  for 12 rocks, 
but a linear equation looks like for four marbles, of 
which the regression result is 
0955.23.54 QQ                          (4) 
The practical calculation shows that the mean misfit 
using Eq.(4) is 17 MPa for four marbles, and the 
largest one is 34 MPa for Georgia marble. Therefore, 
two parameters 0Q  and 0K  are not enough to 
describe accurately the conventional triaxial com- 
pressive strength for four marbles, not to say the 
strength property of all rocks. 
 
4  Dimensionless relationship between 
strength and confining pressure 
 
The relationship among mechanical parameters may 
be expressed with a dimensionless mathematical 
equation to reveal the intrinsic characteristics. Clearly, 
the strength, differential stress and confining pressure 
may be unified with the UCS of rocks. The test data of 
12 rocks listed in Table 1 are plotted in Fig.3. Except 
Tyndall limestone and Nanyang marble, the other rocks 
were loaded up to a high confining pressure compared 
with their UCSs. 
The exponential criterion can also be written in a 
dimensionless form: 





0
30
0
3S
1
)1(exp)1(
QA
KAA
Q
         (5) 
where A is the asymptotic value of the differential 
stress with increasing confining pressure. 
The unified strengths of Solnhofen limestone that 
has the highest actual UCS are lower than those of 
other three rocks. The dimensionless curves of strength 
with confining pressure as shown in Fig.3(a) are totally 
different from those of actual strength as shown in 
Fig.1(a).  
The UCS of Dunham dolomite is 5 times higher than 
that of Tyndall limestone; however, the relationship 
between strength and confining pressure in dimen- 
sionless forms of the two rocks are similar as shown in 
Fig.3(a). As introduced by Carter et al. [14], the 
Tyndall limestone is partially dolomitized with 
intricate mottle. 
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(a) Limestones and dolomite. 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) Marbles. 
 
 
 
 
 
 
 
 
 
 
 
 
(c) Sandstones. 
Fig.3 Dimensionless relations of strength with confining 
pressure and the optimum fitting solutions using the exponential 
criterion. 
 
The dimensionless strengths of Carrara marble are 
dealt with the same way as Yamaguchi marble as 
displayed in Fig.3(b), although the tests of two marbles 
from different places were carried out by different 
researchers at different times. The fitting solutions 
using Eq.(5) for these two marbles, or the parameter 
0K  and A, are also nearly the same. 
The maximum confining pressure is 40 MPa for 
Nanyang marble with a UCS of 84.1 MPa; meanwhile, 
it is 69 MPa for Georgia marble with a UCS of 30.6 
MPa. In a dimensionless scale plotted in Fig.3(b), the 
test scope of Nanyang marble is much smaller than that 
of Georgia marble. Although the strength seems to 
have nearly the same trend as confining pressure for 
the two marbles, there are significantly different for the 
parameters 0K  and A. For Nanyang marble, the test 
range of confining pressure is relatively smaller at its 
UCS, and for Georgia marble, the strengths are 
significantly scattered. 
The Vosges sandstone has the lowest UCS and 
limitation of differential stress in four sandstones as 
shown in Fig.1(c); however, the dimensionless strength 
of Vosges sandstone is completely higher than that of 
Jinping sandstone under the same confining pressure as 
shown in Fig.3(c). The comparison is not reliable yet 
between Vosges sandstone and Bunt sandstone for the 
lack of strength under low confining pressures. 
The two parameters, 0K  and A, in the dimen- 
sionless exponential criterion Eq.(5) are independent 
for 12 rocks and for the same kind of four rocks as 
well, as shown in Fig.4.  
 
 
 
 
 
 
 
 
 
 
 
 
Fig.4 Parameters in the unified exponential criterion for 12 
rocks. 
 
Clearly, three parameters, 0Q , 0K  and Q  or A, 
are needed to describe the strength properties of 12 
rocks of limestones, marbles and sandstones, using the 
exponential criterion. 
 
5  Discussion 
 
The normal parabolic criterion with one parameter 
c , which is usually different from the real magnitude 
of UCS, may approximately describe strength properties 
of numerous rocks as illustrated by You et al. [8, 19]: 
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c
3
c
3S 21 


                          (6) 
Eq.(6) is a universal function for rocks with various 
parameters .c  As shown in Fig.5, differential 
stresses of Jinping sandstone, Dunham dolomite and 
Tyndall limestone are unified with parameter c  of 
83.4, 262 and 54.6 MPa, respectively, and the mean 
misfit using the normal parabolic criterion for 25 test 
data of three rocks is 0.082 MPa, or about 8.2% of the 
UCS. The optimum fitting solutions for three rocks 
using the Hoek-Brown criterion with two parameters 
[20] and the exponential criterion are with mean misfit 
of 0.055 and 0.037, respectively: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.5 Dimensionless strengths of three rocks and the fitting 
solutions using various criteria. 
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              (8) 
The more parameters the criterion has, the lower 
misfit for test data is. The normal parabolic criterion 
provides an infinite increasing rate in strength with the 
confining pressure 3  = 0, and is not available for 
strength at low confining pressure. On the other hand, 
the fitting solution using the Hoek-Brown criterion 
deviates from test data at high confining pressures.  
Furthermore, the Hoek-Brown criterion with any 
magnitude of parameter m can not properly describe 
strengths of four rocks as shown in Fig.6. The 
increasing rate of the strength with confining pressure 
reduces faster than the Hoek-Brown criterion does, 
which can be written as 
0
3
0
3S 1
Q
m
Q
                          (9) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.6 Fitting solutions using the exponential criterion for four 
rocks and the Hoek-Brown criterion with various magnitudes of 
parameter m.  
 
As shown in Fig.7, the fitting solutions using the 
Hoek-Brown criterion, the generalized Hoek-Brown 
criterion [21] and the exponential criterion for 
Yamaguchi marble are with mean misfit of 11.4, 3.6 
and 3.1 MPa, respectively, i.e. 
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Fig.7 Fitting solutions for Yamaguchi marble using three 
criteria. 
 
The exponential criterion is derived to be the best 
one. The generalized Hoek-Brown criterion does not 
correspond to the strength property at the highest 
confining pressure. 
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discussed by You [8]. Except the exponential criterion, 
the others have various forms in terms of power 
function as the modification for the linear Coulomb 
criterion. The differential stresses of Indiana limestone, 
Solnhofen limestone and Vosges sandstone have 
become constant at a high confining pressure, as 
shown in Figs.1(a) and (c), therefore, the criteria with 
power form are not available for the strengths in the 
whole test range. 
The increasing rate of the strength with confining 
pressures for the Pottsville sandstone still keeps a high 
value at the highest confining pressure, and the 
strength indicated with letter Y in Fig.1(c) is unusually 
high. These phenomena may result from the clamping 
effect at the ends of cylinder specimen. For the Bunt 
sandstone with a porosity of 15%, the specimens 
become work-hardening without the development of 
macroscopic singular shear fractures at confining 
pressures higher than 100 MPa. The axial stress-strain 
curve of the sandstone exhibits a prominent bulging at 
a confining pressure of 200 MPa [9]. It may be 
concluded that the true failure strength of the cylinder 
specimen at high confining pressures is lower than the 
peak stress during the compression test, and then the 
exponential criterion should provide lower misfits for 
Pottsville sandstone and Bunt sandstone than those 
presented in Table 2.  
 
6  Conclusions 
 
Strength properties of some rocks may be roughly 
described in a definite range by criteria with one or 
two parameters, such as the normal parabolic criterion 
and the Hoek-Brown criterion. The exponential 
criterion with three parameters fits the test data with 
low misfit for rocks at brittle fracture and ductile 
failure as well. The three parameters are independent 
of the UCS, the initially increasing rate of the strength 
with confining pressures, and the limitation of 
differential stress. 
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